Data Analysis and Stochastic Models

November 15, 2024

Duration: 1Th30
Course materials and notes allowed. Calculators allowed.

Exercises are independent. Most questions within exercises can be considered independent. The
points per exercise are indicative and may be adjusted afterward within reasonable limits.

When answering questions, do not limit yourself to a single result. Provide detailed calculations and
specify the reasoning behind your answer.

Exercise 1 — Hidden Markov Chains (10 points)

For this exercise, use the table of simplified logarithms provided in the appendix.

We are interested in an athlete's fitness state over time. They can be in rest (R), resuming activity (A), fit
(F'), or peak fitness (). Measurements always begin with the athlete resuming activity (A), and the
probabilities of transitioning from one state to another are as follows:

toR toA toF toS
03 0.7 00 0.0
0.0 03 07 00.
0.0 00 08 02
09 00 00 0.1

“h ™ > X

During training, the athlete's times can be of level a, b, or ¢, depending on their fitness state as follows:

toa tob toc
R 09 0.1 0.0
P(time|fitness) = A 0.2 0.8 0.0.
F 01 05 04
S 01 03 06

Questions

1. What is the probability of the sequence (A, a) (F,a) (S, a) (S,c) (S,a)?



2. Given the observation sequence a b b ¢ a, for each time stept € {1, ...,5} and each state
i€ {R,A,F,S}, calculate the probability P(oy, ..., 0;,S; = i) according to this model (this
probability is one of the intermediate calculations in the EM algorithm for estimating the parameters of
a hidden Markov model).

3. The hidden Markov model is based on two assumptions: the Markov assumption for the hidden
process; and the assumption of conditional independence of the data. Explain this last assumption
(conditional independence): definition, interest, and limitation. A concrete example may be used for
support.

Exercise 2 — Bayesian Networks (6 points)

Consider the Bayesian network above. The variables are binary, and the model is defined by the following
parameters:

B C
A 0 0103
P[A=0]=03 PB=0|A]=|0 105 PI[C=0]=05 PD=0|B,C]=|0 1]0.
11]0.7 I 01038
1 1105

Questions

1. Provide the factorized form of the joint probability P[A, B, C, D].

2. Calculate P[C = 1|A = 0, B = 0]. Is the information from A useful? For this specific network, what
would be a possible order of variable elimination to calculate the marginal probability P[C]?

3. Using the factorization of the joint probability P[A, B, C, D], show that the variables B and C are
independent.



Exercise 3 — Hypothesis Testing (4 points)

You want to compare your algorithm (Our) to the state-of-the-art algorithm (SOTA) in terms of computation
time. You execute them in 9 different settings and obtain the computation times (in seconds):

Setting Sl S2 S3 S4 S5 S6 S7 S8 S9
Our 922 938 1230 9.77 1070 13.00 944 1270 7.08
SO0TA  8.10 10.74 11.456 8.50 1098 11.5 10.85 11.19 6.13

Questions

1. Is the computation time of Our different from that of SOTA with a confidence level of 5%7? Specify the
assumption of your test.

If needed, the Student’s t-distribution table is provided in the appendix.

Appendix

X 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9
Inxy -23 -16 -12 -09 -07 -05 -04 -0.2 -0.1

Quantile of order y of the Student distribution with k degrees of freedom.



v

k 0.25 0.20 0.15 0.10 0.06 0.025 0.010 0.005 0.0025 0.0010 0.0005
1 1.000 1376 1963 3.0v8 6.314 12.71 31.82 63.66 127.3 3183 636.6
2 0.816 1.061 1.386 1.886 2.920 4.303 6.965 9.925 14.09 2233 31.60
3 0.765 0.978 1.250 1.638 2.353 3.182 4541 5.841 7.453 10.21 12.92
4 0.741 0.941 1.190 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610
5 0.727 0.920 1.156 1.476 2.015 2571 3.365 4.032 4.773 5.893 6.869
6 0.718 0.906 1.134 1.440 1.943 2447 3.143 3.707 4.317 5.208  5.959
7 0.711 0.896 1.119 1.415 1.895 2365 2998 3.499 4.029 4.785 5.408
8 0.706 0.889 1.108 1.397 1.860 2.306 2.896 3.356 3.833 4.501 5.041
9 0.703 0.883 1.100 1.383 1.833 2.262 2821 3.250 3.690 4.297 4.781
10 0.700 0.879 1.093 1.372 1.812 2228 2764 3.169 3.581 4.144 4.587
11 0.697 0.876 1.088 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 0.695 0.873 1.083 1.356 1.782 2179  2.681 3.055 3.428 3.930 4.318
13 0.694 0870 1.079 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221
14 0.692 0.868 1.076 1.345 1.761 2.145 2.624 2977 3.326 3.787  4.140
15 0.691 0.866 1.074 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 0.690 0.865 1.071 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015
17 | 0.689 0.863 1.069 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965
18 0.688 0.862 1.067 1.330 1.734 2.101 2552 2.878 3.197 3.610 3.922
19 0.688 0.861 1.066 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 0.687 0.860 1.064 1.325 1.725 2.086  2.528  2.845 3.153 3.552  3.850
21 0.686 0.859 1.063 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819
22 0.686 0.858 1.061 1.321 1.717 2.074 2508 2.819 3.119 3.505 3.792
23 0.685 0.858 1.060 1.319 1.714 2.069 2500 2.807 3.104 3.485 3.767
24 0.685 0.857 1.059 1.318 1.711 2.064 2492 2.797 3.091 3.467 3.745
25 0.684 0.856 1.058 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725
26 0.684 0.856 1.058 1.315 1.706 2.056 2479 2.779 3.067 3.435 3.707
27 | 0.684 0.855 1.057 1314 1.703 2.052 2.473 2.771 3.057 3.421 3.690
28 0.683 0.855 1.056 1.313 1.701 2.048 2467 2.763 3.047 3.408 3.674
29 0.683 0.854 1.055 1.311 1.699 2.045 2462 2.756 3.038 3.396 3.659
30 0.683 0.854 1.065 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646
40 0.681 0.851 1.050 1.303 1.684 2.021 2423 2704 2971 3.307 3.551
50 0.679 0.849 1.047 1.299 1.676 2.009 2403 2.678 2937 3.261 3.496
60 0.679 0.848 1.045 1.296 1.671 2.000 2390 2.660 2915 3.232 3.460
80 0.678 0.846 1.043 1.292 1.664 1990 2374 2.639 2.887 3.195 3.416
100 | 0.677 0.845 1.042 1.290 1.660 1.984 2364 2.626 2871 3.174 3.390
120 | 0.677 0.845 1.041 1.289 1.658 1.980 2358 2.617 2.860 3.160 3.373
00 0.674 0.842 1.036 1.282 1.645 1960 2326 2576 2.807 3.090 3.291




