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What about data with structure?

Temporal structure Spatial structure

We need for models to take into account structural information!
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Processes and fields

féquence (Hz)

néavence (Hz)

Random process Random field

X:{Xl,,XT} X:{Xs VSES}
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Processes and fields

© process = a collection of random variables indexed over time
> need for models to take into account the temporal evolution
= Markov models and hidden Markov models
= death and birth, Poisson and queuing systems

© field = a collection of random variables indexed over a grid
> need for models to take into account the spatial interactions
= Markov random fields

Note: a temporal relation is a form of spatial relation!
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State and index spaces

A process is a collection of random variables { X (¢)|t € T'} over
an index set T where X () take values in a state space /.

Tis
discrete continuous
discrete discrete-time continuous-time
chain chain

Iis | continuous discrete-time continuous-time
continuous-state | continuous-state
process process

Note: Formally, one should write X(t, s) where s € S is an event.
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Density functions for processes

o

X (t) describes the “state” of the process at time ¢

© first order distribution function

F(x;t) = P[X(t) < 2]

© second order distribution function

F(x,2';t,t) = P[X(t) <z, X(t') < 2]

© n-th order

F(X;t) - P[X(tl) S Xla-~-7X(tn) < X7J
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Definitions

© A stochastic process is independent if

F(x;t) = [[ F(xi ta)

© A stochastic process is strictly stationary if

Fx;t)=F(x;t+71) Vx,t,7,n>1

© A stochastic is wide sense stationary if
1. u(t) = E[X(t)] is independent of ¢
2. E[X(tl)X(tg)] = R(th tg) = R(O,tg - tl) = R(T)
3. R(0) < o0
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Markov property

A stochastic process { X ()|t € T'} is a Markov process
if, forany tg < t; < ... < t, < t, the conditional distri-
bution of X (¢) given X (%), ..., X (t,) depends only on
X(ty),ie.

Andrei A. Markov
1856-1922

PIX(t) < 2| X (t) < @, ..., X(to) < to] = P[X(t) < 2| X (tn) < 2n]

A Markov chain is said to be homogeneous if

PIX (1) < 2] X (1) < 2] = PIX(t — t,) < 2|X(0) < 2] .
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DISCRETE TIME
MARKOV CHAINS
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Markov random processes

Markov chain of order N

P[Xt|Xt,1,...7X1} = P[Xt|thla---7Xt7N}

° Process: X; t=1,...,T

© Joint probability
P[X1,...,Xr] = P[X1|P[X2|X1|P[X35| X2, X1] ... P[X7|X7_1, ..., X1]
© Markov process of order N

P[Xy,...,X1] = P[X;]P[X2| X1|P[X5| X2, X4] ... P[X7| X711, .., X7_N]
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Markov random fields

Markov property in random fields

P[XS = l'leS\s = .’Ifs\s} = P[XS = .’ES|XVS = le]

oVseS z, € F
o sample space: ) = EI°|

© neighborhood system: V/

© setof cliques: c € C

PX =z]= %exp— ZUC(x) with Z = Z exp —U(x)

ceC zeQ
~——

U(z)
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Markov random fields: an example

exp (axs + ZTEVS ﬁxsxr)

PIX | Xv,] =

L+ exp (@ + Y, oy frsy)
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Markov chains

© A Markov chain is a Markov random process where the variable X; is
discrete.

© The discrete variable X; indicates the state of the process.
© The set of possible values for X; ([1, N}) is known as the state space

© For a stationary Markov chain (of order 1), the parameters of the model
can be summarized in a transition matrix A where

P[Xt = j‘Xt—l = ’L] = aij Vt
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Markov chains: a trivial example

© Three states: rainy, cloudy, sunny
© Tomorrow’s weather only depends on today’s, according to

04 03 0.3
A=102 06 0.2
0.1 0.1 0.8

© Initially, all three states are equiprobable, i.e.

7 =1{1/3,1/3,1/3}
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Markov chains: a trivial example (cont’d)

What is the probability of the sequence “sun sun sun rain rain cloudy sun” (i.e.,
x={3,3,3,1,1,2,3})?

Plx| = P[3P[3|3]*P[1[3]P[1[1]P[2[1]P[3]2]

= 7r3a§3a31a11a12a23
0.0004608

Given that today is sunny, what is the probability that the weather remain
sunny for d days?

x={i,....i,j4i
{ j#i}

d times

Plx|X; =i = P[ili*"(>_ Pljli))
i
= af '(1—a)
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Markov chains and automaton

04 0.3 0.3
A=102 06 0.2
0.1 0.1 0.8
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Markov chains from the generative viewpoint

1. pick an initial state according to

2. pick next state according to the distribution
for the current state

3. repeat step 3 until happy or bored
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Markov approximation of language

© Order 1: REPRESENTING AND SPEEDILY IS AN GOOD APT OR COME CAN DIFFERENT
NATURAL HERE HE THE A IN CAME THE TO OF TO EXPERT GRAY COME TO FURNISHES
THE LINE MESSAGE HAD BE T

© Order 2: THE HEAD AND IN FRONTAL ATTACK ON AN ENGLISH WRITER THAT THE
CHARACTER OF THIS POINT IS THEREFORE ANOTHER METHOD FOR THE LETTERS THAT
THE TIME OF WHO EVER TOLD THE PROBLEM FOR AN UNEXPETED

«It would be interesting if further approximations could be constructed, but the

labor involved becomes enormous at the next stage.» Shannon.

[courtesy of F. Coste]
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Markov approximation of words

© Order 0: XFOML RXKXRJFFUJ ZLPWCFWKCYJ FFJEYVKCQSGHYD
QPAAMKBZAACIBZLHJQD

© Order 1: 0CRO HLI RGWR NWIELWIS EU LL NBNESEBYA TH EEI ALHENHTTPA OOBTTVA
NAH RBL

© Order 2: oN IE ANTSOUTINYS ARE T INCTORE ST BE S DEAMY ACHIN D ILONASIVE
TUCOOWE AT TEASONARE FUSO TIZIN ANDY TOBE SEACE CITSBE

© Order 3: IN NO IST LAT WHEY CRATICT FROURE BIRS GROCID PONDENOME OF
DEMONSTURES OF THE REPTABIN IS REGOACTIONA OF CRE

© Markov random field with 1000 «features,» no underlying «machine»
(Della Pietra et. Al, 1997): wAs REASER IN THERE TO WILL WAS BY HOMES THING
BE RELOVERATED THER WHICH CONISTS AT RORES ANDITING WITH PROVERAL THE
CHESTRAING FOR HAVE TO INTRALLY OF QUT DIVERAL THIS OFFECT INATEVER THIFER
CONSTRANDED STATER VILL MENTTERING AND OF IN VERATE OF TO

[courtesy of F. Coste]
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Estimation: the theory

The problem: From a (large) corpus of sequences C = {51, ...,S,},
estimate the set of probabilities P[w|h] Vh, w

The solution: maximum likelihood estimation given by

~ C(hw) C(hw) # times you see hw
Plw|h] = = =
[w| ] C(h) Z C(}w) # times you see h

veV

The maths: the solution comes from the maximization of
n
In P[C ZlnP Z ( Zln [st]sh 1]))
= i=1

with the constraints that Z Plw|h] =1 Vh.

w
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Estimation: Zipf sucks

Zipf’s law is a probability distribution reflecting the fact that frequent events
are rare and rare events are frequent (count X rank >~ cst).

|

| 18000000 =
NBA Facebook "Likes'

16000000

14000000

12000000

10000000 -

8000000

" Facebook Likes'
6000000

—Zipfs Law
4000000

George K. Zipf

2600000 1902-1950

Bull —
Heat ——
Celtics ——

Knicks
Mavericks =
Nets =
Rockets.

Suns
Clippers

Spurs =
Cavaliers ™

)
Lakers me———

Magic

Pistons

Nuggets *
Trail Blazers

Thunder =

NBA likes statistics from http://lusag.ca/?p=79
Smoothed version of the maximum likelihood estimator
© needed ! Data analysis and stochastic modeling — Markov models. 22



Estimation: workarounds

The general idea: borrow probability mass from observed events and
redistribute it to unobserved ones as cleverly as possible.
Discounting methods:

° Laplace smoothing (add-one): ¢*(hw) = c(hw) + 1

© absolute discounting: ¢*(hw) = max(c(hw) — 6,0))

o Kneser-Ney smoothing: ¢*(hw) = max(c(hw) — dj,0))

© Good-Turing discounting: ¢*(hw) = (c(hw) + 1)%

° etc.

From Laplace to Dirichlet (same as MAP estimation)

c(w,d) +1 . c(w,d) + AP[w]
> (e(v,d) +1) > (e(v,d) + AP[v])

v v

Plw;d] =

l-) §IRISA Data analysis and stochastic modeling — Markov models. 23



Generalizing Markov chains with recurrent networks

NN Use the hidden state vector h;_1 as (a summary of) the history
~ 9’_ of state of the process X; to predict
N

d PIX| Xio1... X)) = f(Xi i)

full history
target = cat target = likes target = ??7?
Y1 Yt Y1
@ I @ B I @ i @
he, 1 hes 1 h 1 hey
e00] 00| Y
Xeq Xt Xts1
Wi Wi Wi
the cat likes

icti h; = o(Uyx; + Uph;—
With Elman network: State predlc.tlo'n i = 0(Usi + Unhi-1))
Output prediction  y; = softmax(V'h;)

b) §IRISA Data analysis and stochastic modeling — Markov models. 24



Generalizing Markov chains with attention networks

‘The attending RNN generates a B

query describing what it wants
to focus on.
growth has slowed down in recent years

Economic

@'\ Each item is dot producted with the / \ /? =
Das Wirtschaftswachstum hat sich in den letzten Jahren verlangsamt .

E\ \ Softmax \ ) query to produce a score, describing
how well it matches the query. The
scores are fed into a softmax to
Economic growth has slowed down in recent years
|

%} ‘é) BD create the attention distribution.

l
La croissance économique s' est ralentie ces derniéres années

Fall 2026

ADM

SA & Inria
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Back to the weather

04 0.3 0.3
A=102 06 0.2
0.1 0.1 0.8
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Closing the curtains

What if we can’t observe the weather directly? What if the state of the process
is hidden and only indirectly observable?

{30°C, 20%, {28°C, 30%, {25°C, 40%, {22°C, 60%,
light light moderate moderate
breeze} breeze} breeze} breeze}

',
~
/I\

add a probabilistic function to each state

(4

to make the link between the unobserved states and the observations

(9 §IRISA Data analysis and stochastic modeling — Markov models. 27



© The (state of the) Markov process is not observable

Hidden Markov models

© The observation is a stochastic function depending on the (hidden) state
of the underlying Markov process

© Another simple example:

©:IRISA

> Throwing two dices where one is loaded and one is not

> One doesn’t know which dice is used but only has access to the result

hidden state sequence —

observation sequence —

0.9

0.95
118 1:1/@
2. 16 0.05 2:110
3 16 P Al 3:1/10
4 16 N4 110
5: 1/6 0.1 5:110
6 1/6 6: 112
Fair Loaded

F F F F L L L L

1

6

4 3 6

Data analysis and stochastic modeling — Markov models.

3

6

6

L F F..
2 4 2...
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Hidden Markov model: definition

The hidden Markov model represents two random
processes:

© the hidden process S = Sy, . .., St representing the sequence of
states in a Markov chain, where S; € [1, N].

° the observation process O = Oy, ..., O where the probability of
an observation depends on the state sequence

Note: the observation can be either discrete or continuous!

° The observations are supposed independent given the hidden
state sequence

b) §IRISA Data analysis and stochastic modeling — Markov models. 29



Hidden Markov model: the maths

o Joint probability of the two sequences

P[O201,...,T7S=Sl,...7ST] =P[O|S] P[S}
o State sequence probability given by a Markov chain (of order 1)

T
P[S =s1,...,87] =7, H Plsi|si—1]

t=2

o Conditional probability of the observation sequence using the
conditional independence assumption

l') §IRISA e‘modeling — Markov models. 30



Elements of a HMM

Model = Ay (7, A, B)

e}

Number of states in the model: NV
Initial state distribution: 7
Transition probability matrix: A where a;; = P[S; = j|S;—1 = 1]

e}

o

[e]

State conditional densities
> Discrete HMM
— matrix of CPD B where by, = P[O; = k|S; = 1]
> Continuous density HMM
— collection of conditional parametric densities b; ()
— in practice, b;() is often a Gaussian mixture

b) §IRISA Data analysis and stochastic modeling — Markov models. 31



Hidden Markov model: example

Let A = (A, B, ) be a model with three states 1,2,3 and observation
symbols @ and b.

0.3 0.5 0.2 1 0 0.6
A= 0 03 07] B=|05 05] n=104
0 0 1 0 1 0

l-) §IRISA Data analysis and stochastic modeling — Markov models. 32



Wandering through side paths

© In the discrete case, a HMM is in fact a Markov chain since
Plog|re-a] Plysleel = Plyk, wrlvr-1]
N————

a((Tk—1,Yk-1), (Tk, Yr))

© Variants known as general state space models can be formulated with

X = (X1, W)
Yi 9( Xk, Vi)

where V}, and WV}, are noise iid random variables

l-) §IRISA Data analysis and stochastic modeling — Markov models. 33



HMM from the generative viewpoint

1. choose initial state s; according to the initial distribution
2. draw an observation sample according to the law b, ()

3. foreacht =1,...,T
(a) choose next state s, according to the transition probabilities
P[St+1 = let = St] = Qg5
(b) draw an observation sample according to the law bst+1 ()

4. end
a(i-1-1) alii) a+1i+1)
,M),@M - Modele cache
’A\ \‘ b|+1(04) :h N

\

bi-1(°1)l’/ \\\bi-l(oz) \‘\bi(os) b,
rooN \ LN

I 0 0 0 1 owaen

0 % 03 Oy O

l-) §IRISA Data analysis and stochastic modeling — Markov models.
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HMM from the generative viewpoint

start start

[ S5 C S5 [

[ S5 C S5 [

c 55 c 85 c

b S2 b sz b
end end

~4.8.107% |~ 8.107F

Source: Laurent Bréhélin
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The three problems [Rabiner 89]

1. Find out the most likely state sequence

Given a model Ay, how to efficiently compute the state sequence
S = S1, ..., 87 for which the probability of a given observation
sequence O = 0y, . . ., O iS maximum.

2. Evaluate the probability of an observation sequence

Given a model Ay, how to efficiently compute the probability of a
given observation sequence 0 = 04, ...,07?

3. Parameter estimation

© Given a set of training sequences, how to efficiently estimate the
parameters of a model Ay according to the maximum likelihood
criterion.

l-) §IRISA Data analysis and stochastic modeling — Markov models.
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DYNAMIC PROGRAMMING
The Viterbi algorithm

Data analysis and stochastic modeling — Markov models. 37



Problem 1: Most likely state sequence

Find out the most likely state sequence

Given a model Ay, how to efficiently compute the state sequence

S = s1, ..., St for which the probability of a given observation sequence
0 = 01,..., 07 iSmaximum, i.e.
s = arg max Ploy,...,or|s1,..., 875 AN]P[S1, ..., $7; AN] -
S1y0.458T

l-) §IRISA Data analysis and stochastic modeling — Markov models. 38



Problem 1: Most likely state sequence

In the log-domain, we seek to maximize the following joint log-probability of the
observation and state sequences

T
In Plo,s] = In(mg,) + In(bs, (01) +Z In(as,_,s,) + In(bs,(01)))
t=

= In (7-(81) + ln(bsl (01)) ln(aslsz) + ln(bsz (02)) +
+ In(as,s,) + In(bs, (03)) + In(as,s,) + In(bs, (04)) + - ..

¢

Efficiently solved using a dynamic programming algorithm
to find the best path in a treillis.

b) §IRISA Data analysis and stochastic modeling — Markov models. 39



Most likely state sequence: brute force

Model (4 states, known parameters) # 51 S S3 Sa S5 InPlo,s]
1 11 1 1 1 —14.2

—(1)>(2)~(3)~(¢)

) ) U U

Observations (7 = 5)

’O1=a Ob=a|03=b|O0g=c|0O5=cC

Problem: §=arg max In P[o, s]
S1,...,55

R. Gaudel (Univ. Rennes, IRISA & Inria) ADM Fall 2026



Most likely state sequence: brute force

Model (4 states, known parameters)

Observations (7 = 5)

’O1=a

O =a

03 =Db

O5 =cC

Problem: §=arg max In P[o, s]
S1,...,55

R. Gaudel (Univ. Rennes, IRISA & Inria)

ADM

# S1 S2 S3 S4 S5 InPlo,s]

Tt 1111 —14.2
2 2 1 1 1 1 -0
383 1 1 1 1 — o
256 4 4 4 4 1 —oo
571 1 1 1 2 —12.6
321 1 1 1 2 2 —11.9
342 2 2 2 2 2 —13.4
513 1 1 1 1 3 —15.3
593 1 1 2 2 3 —10.8
662 2 2 2 3 3 —11.5
769 1 1 1 1 4 —o0
913 1 1 2 3 4 —9.4 ]
1002 2 3 3 4 4 —10.1
1024 4 4 4 4 4 —oo

Fall 2026
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Most likely state sequence: brute force

Model (4 states, known parameters) # 51 S S3 Sa S5 InPlo,s]
T4 1 1 11 142
A 2 2 1 1 1 1 —oo
3 3 1 1 1 1 — o0
256 4 4 4 4 1 oo
” 257 1 1 1 1 2  —126
9 : : :
Observations (T = 5) S @11 12 2 -1
’ 08)- 32 2 2 2 2 2  —13.4
0 = O = O3=Db |04 = O5 = 17} : : :
s 279 ° “=° 5=° % 513 1 1 1 1 3 —15.3
Problem: é:arg max In P[o, s] 2 5:93 11 2 2 3 71:03
S1,...,55 q : : :
2 662 2 2 2 3 3  —11.5
1 : : :
N 7601 111 4 —o0
- - . max In Plo, s]
L et 5 11,239
1002 2 3 3 4 4  —1041
Y 1024 4 4 4 4 4 Lo

R. Gaudel (Univ. Rennes, IRISA & Inria) ADM Fall 2026



Most likely state sequence: brute force

Model (4 states, known parameters) # 51 S S3 54 S5 InPlo,s]
A 1 1 1 1 1 —14.2 <€—— max for Ss=1
2 2 1 1 1 1 —oo
Ss5=1 308 1 1 1 1 —oo
256 4 4 4 4 1 Zoo
” 257 1 1 1 1 2 —12.6
g : : :
Observations (T = 5) S| s=2 % 1t 122 -9 <€——maxior =2
’ 08)- 32 2 2 2 2 2 —13.4
O1=a|0p=a|03=b|04=cCc|05=CcC a g 8 B
! 2 3 4 ° % 513 1 1 1 1 3 —15.3
Problem: § =arg max In P[o, s] 3| s-3 @ 11223 108 €——maxiorS;=3
515055 = 62 2 2 2 3 3  —115
1 8 B 8
N e 1111 4 o
s I o5 1 1 7 5 4 ~54 | €—— max for Ss=4
5=4 g g
o223 3 4 4 —10.1 (global max = max of
v A A AN« ‘. |the 4 group maxima:

max(—14.2, —11.9,
—10.8,-9.4)

R. Gaudel (Univ. Rennes, IRISA & Inria) ADM Fall 2026



Most likely state sequence: brute force

Model (4 states, known parameters)

Observations (7 = 5)

Or=a|03=Db O5 =cC

’O1=a

Problem: §=arg max In P[o, s]
S1,...,55

Group i: S5 = i fixed, sy, ..., 4 free

H(i,5) = max InPloy,..

S1,..-,54

-, 05, S1,...,84, S5 = 1]
max In P[o, s] = max H(i, 5)
s I

§: argmax inside the best group arg max; H(/, 5)

R. Gaudel (Univ. Rennes, IRISA & Inria)

1024 state sequences

45 =

# S1 S2 53 S4 S5 InPlo, s]
1 1 1 1 1 —14.2 <€ max for Ss=1
2 2 1 1 1 1 -0
Ss5=1 308 1 1 1 1 —oo
256 4 4 4 4 1 —oc
257 1 1 1 1 2 —12.6
S5=2 321 1 1 1 2 2 —11.9 <€&—— max for S5=2
32 2 2 2 2 2 —13.4
513 01 1 1 1 3 —15.3
S5=3 53 1 1 2 2 3 —10.8 <€&—— max for S5=3
662 2 2 2 3 3 —11.5
769 1 1 1 1 4 —oc
L o3 1 1 2 3 4 —9.4 | «€&—— max for Ss=4
Ss=4 g g g
022 3 3 4 4 —101 (global max = max of
o a4 a A a . [|the 4 group maxima:
max(—14.2, —11.9,
—10.8,—-9.4)
ADM Fall 2026
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Most likely state sequence: a recursive construction

@ Same idea in the middle: best sequence of length 3 ending in S3 = i (here: i = 3)

OOEE
)

N._
1]
N
~
1]
w

R. Gaudel (Univ. Rennes, IRISA & Inria) ADM Fall 2026
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Most likely state sequence: a recursive construction

@ Same idea in the middle: best sequence of length 3 ending in S3 = i (here: i = 3)

@ Group the candidates (sy, s2,3) by S, = j: in group j, the best one extends
the best sequence of length 2 ending in j, i.e. H(j, 2), with In gj3 + In b3(03)

H(4,2) = —6.3 (2,4) @ . +1n bs(0s
T %3 so.
j=1:-41-16=-57
H(3,2) = —5.0 (2,3) @—'nass-‘)?@ j=2:-36—-0.9=—-4.5 < max
s j=3-50-04=-54
He.2)--36 (1.2) (2 j=4-83—00=—o00
e H(3, 3) =—45+Inb3(03) = —45—-12=-57
best sequence: (s1, Sz, S3) = (1,2, 3)

H(1,2) = —4.1 (1,1)

ADM Fall 2026

R. Gaudel (Univ. Rennes, IRISA & Inria)

4/4



Most likely state sequence: a recursive construction

@ Same idea in the middle: best sequence of length 3 ending in S3 = i (here: i = 3)

@ Group the candidates (sy, s2,3) by S, = j: in group j, the best one extends
the best sequence of length 2 ending in j, i.e. H(j, 2), with In gj3 + In b3(03)

H(4,2) = —6.3 (2,4) @ . +1n bs(0s
T %3 so.
j=1:-41-16=-57
H(3,2) = —5.0 (2,3) @—'nass-‘)?@ j=2:-36—-0.9=—-4.5 < max
s j=3-50-04=-54
He.2)--36 (1.2) (2 j=4-83—00=—o00
e H(3, 3) =—45+Inb3(03) = —45—-12=-57
best sequence: (s1, Sz, S3) = (1,2, 3)

H(1,2) = —4.1 (1,1)
t=2 t=38

max In P[o1, 02, 03, S1, S2, S3 = i] = In bj(03) + max (In aji + maxln Ploi, 00, 51, So —j])

S1,S2

H(j,2): best of length 2, ending in j

Recursive construction: H(-,1) — H(-,2) — H(-,3) — H(-,4) — H(-,5)
= 4+ (T — 1) x 4 x 4 = 68 candidates instead of 4°> = 1024 sequences

H(i,3): best of length 3, ending in i

ADM Fall 2026 4/4
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Most likely state sequence: a recursive construction

@ Same idea in the middle: best sequence of length 3 ending in S3 = i (here: i = 3)

@ Group the candidates (sy, s2,3) by S, = j: in group j, the best one extends
the best sequence of length 2 ending in j, i.e. H(j,2), with In aj3 + In bs(03)

H(4,2) = —-6.3 (2,4) @ - +1n bs(03)

%3 = 0.

j=1:—41-16=-57
H(3,2) = -5.0 (2,3) @—'"333-*0;‘?@ j=2:-36-09=-45 «+ max
o = A= —5.4
H(2,2)=-3.6 (1,2) Initialization (sequences of length 1) -
) . bs(0g) = —45—12=—57
H(1,2) = —4.1 (1,1) H(i,1) =InPloy, St = i] = In7i +In bj(01) |'s,, s5) = (1,2,3)
to2 here m3 =74 =0 = H(3,1) = H(4,1) = —

max In P[o1, 02, 03, S1,S2, Sz = i] = In bj(03) + max (In aj + maxln Ploy, 02, 51, So =j])
51,82 J 54

H(i,3): best of length 3, ending in i H(j,2): best of length 2, ending in j

Recursive construction: H(-,1) — H(-,2) — H(-,3) — H(-,4) — H(-,5)
= 4+ (T — 1) x 4 x 4 = 68 candidates instead of 4° = 1024 sequences

R. Gaudel (Univ. Rennes, IRISA & Inria) ADM Fall 2026
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Viterbi algorithm

We seek to maximize

T
In Plo, s] = In(7s, ) + In(bs, (01) +Z (In(as,_,s,) + In(bs, (0¢)))
t=2
If we define

H(i,t) = 51ma8>1(1111P[017...70t751,...75t=i]

= In(bs(o)) + m]ax In(aj;) +

In(bj(0s—1)) + max In(as, ,;) +In(bs, ,(0t—2) + ...+ In(7m,)

S15--ySt—2

H(j,t—1)

then we can iteratively compute
H(i,t) =1Inb;(0;) + max H(j,t — 1) + Inaj;
J

[Andrew J. Viterbi. Error bounds for convolutional codes and asymptotically optimal decoding
algorithm. In IEEE Information Theory, 13:260-269, April, 1967]
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Implementation: the treillis structure
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Paths in a treillis

‘01 0,| 04| 04| 05| 05| 0;] Og

observations

State sequence: S1 = 1,5 =1,53=2,5,=3,55=3,5 =4,5; =4,5s =4
State sequence: S1 = 2,55 =2,53=2,5,=2,5,=2,5 =3,5:=3,5 =4

©:IRISA

Data analysis and stochastic modeling — Markov models.
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Bellman’s principle

ol aias

‘01 0,| 04| 04] 05| 04| 0;] Og

observations

The best partial path to state (i, t) is necessarily a part of the best path
which goes through (i, ).

(9 sIRISA Data analysis and stochastic modeling — Markov models. 44



Principle of the Viterbi algorithm

Principle: iteratively construct the best partial paths until treillis has been
completely explored.

©:IRISA

‘Ol

02

O3

04

05

Og

07

Og

observations

Data analysis and stochastic modeling — Markov models.
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Viterbi at work — step 1

0y

02

O3

04

Os

O

07

Og

observations

H(Ll) = lnb1(01)+1n(ﬂ'1)
—(3+1)

(9 sIRISA Data analysis and stochastic modeling — Markov models. 47



Viterbi at work — step 2

0y

02

O3

04

Os

O

07

Og

observations

H(Q,l) = lnb2(01)+1n(772)
—(241)

(9 sIRISA Data analysis and stochastic modeling — Markov models. 48



Viterbi at work — step 3

0y

02

O3

04

Os

O

07

Og

observations

H(1,2) = lnb1(02)+ln(a11)+H(l,1)
= —(3+1+4)

(9 §IRISA Data analysis and stochastic modeling — Markov models. 49



Viterbi at work — step 4

0y

02

O3

04

Os

O

07

Og

observations

In bQ(OQ) + 111((1,22) + H(Q, 1
Inby(09) + In(arz) + H(1,1)

~—

H(2,2) = max{

(9 §IRISA Data analysis and stochastic modeling — Markov models. 50



Viterbi at work — step 5

0y

02

O3

04

Os

O

07

Og

observations

In b3(02) + 111((1,13) + H(l, 1
Inbz(09) + In(ags) + H(2,1)

~—

H(3,2) = max{

(9 §IRISA Data analysis and stochastic modeling — Markov models. 51



Viterbi at work — step 6

0y

02

O3

04

Os

O

07

Og

observations

I{(47 2) =In b4(02) + 111(&24) + H(Q, 1)

(9 §IRISA Data analysis and stochastic modeling — Markov models. 52



Viterbi at work — step 7

0y

02

O3

04| 05| 06| 07| 04

observations

H(l,?)) = lnb1(03) + ln(an) + H(l, 2)

(9 §IRISA Data analysis and stochastic modeling — Markov models. 53



Viterbi at work — step 8

0y

02

O3

04

Os

O

07

Og

observations

In bQ(Og) + 111((1,22) + H(Q, 2
Inby(03) + In(arz) + H(1,2)

~

H(2,3) = max{

(9 §IRISA Data analysis and stochastic modeling — Markov models. 54



Viterbi at work — step 9

0y

02

O3

04

Os

O

07

Og

observations

hl bs(Og) —|— 111(0,33) + H(?), 2)
H(3, 3) — max In b3(03) + 1n(a23) + H(?, 2)
hl b3(03) —|— 111(0,13) + H(l, 2)

(9 §IRISA Data analysis and stochastic modeling — Markov models. 55



Viterbi at work — step 10

0y

02

O3

04

Os

O

07

Og

observations

In b4(03) + 111(0,44) + H(4, 2)
H(4,3) =max < Inbs(os) + In(ass) + H(3,2)
In b4(03) + 111(0,24) + H(Q, 2)

(9 §IRISA Data analysis and stochastic modeling — Markov models. 56



Viterbi at work — finally

-23

° 1| -6|-74-9<-124-164-20|- 24

° -1/ -5<9-8<-1K-14&-1%K-2064-22

0
‘01 0,| 05| 04] 05| 0g| 0;| Og
observations
H* = =23
~
S = 3

iIRISA Data analysis and stochastic modeling — Markov models.
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Viterbi at work — backtracking

-23

o |
] /
° -1 | -5<4-8< 1K~ 14 1K-2064-22
o] E :
=) :

0

‘01 0,| 05| 04| O5| Og| 07| Og

observations

Optimal state sequence:
S51=2,5=3,5=3,5,=3,5=3,5=3,5=3,5 =3

©:IRISA

Data analysis and stochastic modeling — Markov models.
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The three problems [Rabiner 89]

1. Find out the most likely state sequence

Given a model Ay, how to efficiently compute the state sequence
S = S1, ..., 87 for which the probability of a given observation
sequence O = 0y, . . ., O iS maximum.

2. Evaluate the probability of an observation sequence

Given a model Ay, how to efficiently compute the probability of a
given observation sequence 0 = 04, ...,07?

3. Parameter estimation

Given a set of training sequences, how to efficiently estimate the
parameters of a model Ay according to the maximum likelihood
criterion.

l-) §IRISA Data analysis and stochastic modeling — Markov models.
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PARAMETER ESTIMATION \



Notations

o Training samples
o™ = {o\", .. o} for 7€ [L,R]

o Parameters to estimate = 0
> 7 — initial state distribution
> A — state transition probabilities
> B — (discrete) state conditional probabilities

R
0 = arg max li[l P(0™: Ax(6))

b) §IRISA Data analysis and stochastic modeling — Markov models. 61



Empirical estimation

Assuming we know the hidden state sequences

s = {51 .., s} for each training example, we can use empirical
estimators:

Z H(sgr):i)
_ _r

~

T R
2> Lo, =i, ) ~ 2.2 Lot = Loy
aij _ T t:2nr71 bzk _ T t=1 o
Z Z Loy XT: ; Ttsir=s)
r  t=1 =

For continuous state conditional densities, replace b;;, by the adequate empirical estimators
based on the obervations assoaciated to state <.

b) §IRISA Data analysis and stochastic modeling — Markov models. 62



Segmental k-means algorithm

1. Start with some initial values 0, for the parameters

2. Find out the best state sequence for each training sample

s = arg maxP[OY), . 70¥>\517 ey ST AN(00)]P[S15 - - -, ST3 AN (6]
S
3. Compute new estimates 6,1 of the parameters based on the
empirical estimators given the alignments

4. Repeat step 2 and 3 until happy

= EM algorithm to compensate for the missing variables!

b) §IRISA Data analysis and stochastic modeling — Markov models. 63



The Expectation-Maximization principle

The Expectation-Maximization (EM) principle compensates for missing (aka
latent) data, replacing them by their expectations.

EM Iterative principle

1. estimate the missing variables given a current estimate of
the parameters

2. estimate new parameters given the current estimate of the
missing variables

3. repeat steps 1 and 2 until convergence

Note: this principle applies to many problems, not only for maximum likelihood
parameter estimation!

(9 §IRISA Data analysis and stochastic modeling — Markov models. 64



The auxiliary function

The EM algorithm aims at maximizing an auxiliary function defined as

-~ -~

Q(6,0) = Elln f(z,x;0)|x; 6]
where f(z,x;0) is the likelihood function of the complete data.

Estimation step

E compute the expected quantities in Q (6, 5) (given h= 0,)
Maximization step

M maximize the auxiliary function w.r.t. the (true) parameters 0 (given the
expected quantities) to obtain a new estimate 0 = 60,1, i.e.

Oiy1 = arg méxx Q(G, 91’)

b) §IRISA Data analysis and stochastic modeling — Markov models. 65



Auxiliary function for HMMs
For a single sample o, the density of the complete data o, s is given by

T
Inp(o,s) = In(ns, ) Zln(ast 1s0) Zln(bsl(ol)) ,
t=1

which can be rewritten as

N T N T N

p(o,s) = > I(mi)lis, =i+ Y D W(aij) e, =is=p+ > > m(bi(0x)(s,=i)
i=1 t=24,j=1 t=1 i=1

and therefore the EM auxiliary function is given by

N N T
Q(070n) = Zln(ﬂi)E[H(Sli’iHO;en}'i_ Z al]) <ZE (s¢— 1:’i~,5t:j)‘o; 9"])

1 ij=1 t=2

.
Il

I
M=
M=

In(b;(01)) El(s,=4)|0; 0]

1t=1

~.
Il

b) §IRISA Data analysis and stochastic modeling — Markov models. 66



ML parameter estimation

Respecting the constraints ZZ T =

have
DI
a” = n,fl
Z Z ,Y<T)
where

WD) = Bl o, [0:6]

©:IRISA

1, Z]. a;; =1land ), by =1, we

S w706)

-~ R

Z Zﬂ(of”):k) %" (i)
bik — r t=1
SN A6
r t=1
& (i.5) = EI, |0 6,]
t (587, =i,s(") =) n

Data analysis and stochastic modeling — Markov models.
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Computation of the expectations

Problem is now how to efficiently compute the two quantities

Vt(r)(z) = E[H(st:i) |0; erJ
probability of the event S; = i

and

&6,5) = Ell o, o 0i0]

t—1= 05t

= joint probability of the events S;_; = i and Sy = j

= forward-backward algorithm

b) §IRISA Data analysis and stochastic modeling — Markov models. 68



Computation of the expectations

The expectations can be expressed as a function of the two forward and
backward probabilities:

© Forward probability

ozt(i) = probability of observing 01 up to o; and being in state ¢ at ¢

P[Ol7' . '>0t75t = 7’7)\N(9n)]

© Backward probability

Bt(i) = probability of observing 0;1 up to or given that we're in state ¢ at ¢

Ploty1,..., 07|t = 4 AN (0n)]

Note that we have

N
Plo;An(0)] = Zai(t)ﬁi(t) vt e [1,T]

l-) §IRISA Data analysis and stochastic modeling — Markov models. 69



Computing the expectations (cont’d)

o State occupancy statistics

fyt(l) = P[St:i|017"'aOT}

P[Ol,...,Ot,St Zi]P[Ot+1,...,OT’St ZZ]
P[Olv"'aoT]

B
> et

b) §IRISA Data analysis and stochastic modeling — Markov models. 70



Computing the expectations (cont’d)

o State transition statistics

gt(%]) = P[Stflziﬂst:jlola“'?OT}

Ploy !, 81 = i|Poy, 8, = j|Si—1 = i]P[OtTHlSt =J]
P[017"'30T}

a;(t — 1)aizb;(0:)B;(t)

N
Z @i (t)Bi(t)

b) §IRISA Data analysis and stochastic modeling — Markov models. 7



Forward algorithm

The forward quantity can be recursively computed according to

N
P[Ol,. . .,Ot,St :j] = ZP[Ol,. . ,Ot,fl,Stfl = i}P[ot,St :j‘|St,1 = 7]
i=1

1. Initialization: «;(1) = m;b;(01) Vi € [1,N]
2. Recursion (fort =2,...,Tandj =1,...,N)

N

a;(t) = bj(or) Zai(t — Dayj

i=1

N
Note that P[oy, ..., 0; AN (0)] = Z a;(T) (problem 2).
i=1

(9 sIRISA Data analysis and stochastic modeling — Markov models. 72



Backward algorithm

The backward quantity can be recursively computed according to

N
Plogy1,...,0r|S =1 = ZP[OtJrhSH»l = j|S¢ =i Ploty2,...,07|Si11 = j]
j=1

1. Initialization: 5,(T) =1 Vi€ [1,N]
2. Recursion (fort =2,....,Tandj =1,...,N)

Zau (0t41)8;(t + 1)

Note that P[0y, . .., 05 An(6)] = > mif(1)

(9 sIRISA Data analysis and stochastic modeling — Markov models. 73
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Treillis implementation

Forward Backward

0,| 0,| 05| 04| 05| Og| 0;| Og 0,| 0,| 05| 04| 05| Og| 07| Og
observations observations
Data analysis and stochastic modeling — Markov models. 74



Example of the forward algorithm

Let A3 = (A, B, ) be a 3 state HMM with an alphabet of 2 symbols @ and b.

0.3 0.5 0.2 1 0 0.6
A=\ 0 03 07] B=|05 05] n=104
0 0 1 0 1 0

l-) §IRISA Data analysis and stochastic modeling — Markov models. 75



Example of the forward algorithm (cont’d)

Etats a1 o 2(%i) a3() A 4(i)
0 0 1 1
s 10l Lo iy oae2 -1 o212
0.7 0.7 0.7,
05 05 05 05
2 {04) oo OBy 18 By 0072 9By 00108 0.2228
0.2//05 0.2//05 0.2 / /o5
o6 (/G 0
L2806 234 018 o (03
t
a a b b

(9 §IRISA Data analysis and stochastic modeling — Markov models. 76



062(2)

©:IRISA

Example of the forward algorithm (cont’d)

= 7r1b1(a) =06x1= 06,
= maba(a) = 0.4 x 0.5 = 0.2,
:7T3b3(a) =0x 0:0,

= (al(l)an + 042(1)(121 + a31)bl(a)

=(0.6x03+02x0-+0x0)x1

=(0.18) x 1 = 0.18,

= (Oél(].)a12 + Oéz(].)a22 + a3(1)d32)b2(a)
=(0.6x0.5+02x0.3+0x0)x0.5

= (0.36) x 0.5 = 0.18.

Data analysis and stochastic modeling — Markov models.

77



EM algorithm for HMM

[also known as the Baum-Welsh algorithm]

1. Start with some initial values 0, for the parameters
2. For each training sample
(a) compute the forward and backward quantities, «;(t) and
Bi(t)
(o) compute the sufficient statistics ~,(i) and & (i, 5)
3. Compute new estimates of the parameters 6, 1
4. Repeat until happy

b) §IRISA Data analysis and stochastic modeling — Markov models. 78



The EM at work

Starting with A3(6) with the following parameters

0.45 0.35 0.20 1.0 0.0 0.5
A=10.10 050 040 B=1[05 05] mw={03
0.15 0.25 0.60 0.0 1.0 0.2

and a single training sample

P(abbaa;3(6p)) = 0.0278

b) §IRISA Data analysis and stochastic modeling — Markov models.
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The EM at work (2)

The Baum-Welsh algorithm increases the likelihood of the training data.

After 1 iteration, we have:

0.346 0.365 0.289 1.0 0.0 0.656
A=10.159 0.514 0.327| B=[0.631 0.369 | w=|0.344
0.377 0.259 0.364 0.0 1.0 0.0

P(abbaa;rs(6;)) = 0.0529

b) §IRISA Data analysis and stochastic modeling — Markov models. 80



The EM algorithm (3)

After 15 iterations, we have

0.0 0.0 1.0 1.0 0.0 1.0
A=10212 0.788 0.0 B=10.969 0.031 m= 0.0

0.0 0.515 0.485 0.0 1.0 0.0
which gives

P((I bba a; )\3(915)) = 0.2474

b) §IRISA Data analysis and stochastic modeling — Markov models. 81



The EM algorithm (4)

After 150 iterations, we have

0.0 0.0 1.0 1.0 0.0 1.0
A=1018 082 00| B=1[10 0.0 m={0.0
0.0 05 0.5 0.0 1.0 0.0
which gives
P(abbaa; 3(0150)) = 0.25
Lo fa

(o) sIRISA 0. S§§analysis and stochastic modeling —%a"'ﬁ%? models. 82



The EM algorithm (5)

In the case of an initial HMM with 5 states, the EM estimation converges
towards

0.0 1.0 0.0 0.0 0.0 1.0 0.0 1.0

0.0 0.0 1.0 0.0 0.0 0.0 1.0 0.0
A=100 0.0 00 1.0 00| B=1]00 1.0 m= 0.0

0.0 0.0 0.0 0.0 1.0 1.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 1.0 0.0 0.0
which gives

P(abbaa;\s(m, A, B)) =1.0

ly §IRISA Data analysis and stochastic modeling — Markov models. 83



with

©:IRISA

Mean estimators with continous densities

T
Z Tt (Z) Ot

Gaussian density 1 =
Z Ye(4)
t=1
T
> (i) o
Gaussian mixture 7

T
Z’Yt(h])

(i ) = Nai(t)ﬂi(t) wi;N (045 fij, 04j)

K
Z a;(t)Bi(t) Z wikN (045 Wik, ik

k=1

Data analysis and stochastic modeling — Markov models.
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On many other smart things to do with forward/backward

Many (real-time) problems with HMMs can be cast into predicting the state .S},
given a part of the observations, i.e.,

Tk|n = P[Sk|017 sy On]

which can be expressed from the forward and/or backward quantities

We typically have the following different cases
° Filteringn = k:  mp = P[Sk|O1, ..., O] o< a;(k)
© Smoothingn =k +1 > ki 7g, = P[Sk|O1, ..., Oy
— extreme case where n = T = ;(t) o< o (k) B;(k)
° Predicionn =k —1 < k:  mpp = P[Sp|On,. .., O]

for which recurrences can be directly derived.

l-) §IRISA Data analysis and stochastic modeling — Markov models. 85



Application domains

Hidden Markov models find applications in a large number of domains, among
which

o

o

Finance: trend analysis, stock market classification and forecasting, etc.

Natural language processing: POS tagging, syntactical analysis,
repunctuation, etc.

Bioinformatics: finding coding segments, proteins, etc.

Multimedia, speech and image processing: speech recognition, action
recognition, video segmentation, etc.

Control and filtering: computer vision, fault detection in dynamic
systems, trajectory filtering, etc.

(9 §IRISA Data analysis and stochastic modeling — Markov models. 86
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HMMs and finance

- — Upward trends (E)
f Downward trends (A) 03
20 /

0.7
% 2
8
H 0.4
3
0.6
12
* Tendance : E, A

Valeur observée

[borrowed from James Ledoux]

[ifdden Markov
Models in

Finance

Data analysis and stochastic modeling — Markov models.

87



©:IRISA

HMMs and bioinformatics

001
089 s 59
«0d -
A04 A 005
co0a co4
G0l GO05
TO04 T 0.05

hidden states

observations
..ATCAAGGT CGA AT

[Courtesy of F. Coste]

Data analysis and stochastic modeling — Markov models.
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HMMs in speech recognition

locally stationary process

G

state model

4

hidden Markov model

a(1,1) a(2,2) a(3,3) a(4,4) a(5, 5) a(6, 6)
a(l,1) a(1,2) a(2,3) a(3, 4) a(4,5) a(5, 6) a(6, F)
T Tl
b1() b2() b3() b4() b5() b6()

In practice, b() is often a Gaussian mixture (rather than a single Gaussian density).

b) §IRISA Data analysis and stochastic modeling — Markov models.
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HMM for sequence classification

Niveau
Syntaxique

Niveau
Lexical

Niveau
LA A PO FE K
" Acoustique

527

Modélisation par mots
Data analysis and stochastic modeling — Markov models.
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HMMs for video segmentation and classification

Premier service, échange Echange

C/

Rediffusion Temps morts

E. Kijak, G. Gravier, L. Oisel, and P. Gros. Audiovisual integration for tennis broadcast structuring. Multimedia Tools

and Application, 30(3):289-312, 2006.

(9 §IRISA Data analysis and stochastic modeling — Markov models. 91



HMMs for video segmentation and classification

Observation sequence

T P T RN
il lllllllllllll

lllllllllllll

tf2fsfafajr|of7r|s]es]e]0]e
First Missed Serve | Redlﬁusloni Exchonge
and Exchange

(9 §IRISA Data analysis and stochastic modeling — Markov models. 92
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